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AR, WA A5AQJ AYE AL = 9= % A" (Phong distance) &

Aeret, F Ads =AY T 59 duglel F AE AT e
ook Aol THHJAETE dAFeltt 1= A Ao 71 &

(Minkowski sum) el fF22|tI¢t AMES ate 729 WaFe] ALk
F Age W3~ 7] el Jd3HwW (tangent plane) & A&HZH o2 AHolsla &
E Al (Phong projection) 3Fo] Wek7bx] dd42A ¢l Ag S AAksitt,

B oERlNE A% Al w4 BE4E AZEY] dael A4 w2

Zg o] MCD At dua]=S AL} o7]4 MCDE 352 W37 9

& AT Axds Frksk=d ol &3tk HRP-2 {Friol= 223 vhefdt

Fofo] FoES 7IA 2 Ast A3 AAFE (self—collision) ¥ #of=3eo] &
= 9le HAY BEX RAS 48 F Ak =3 - e Ao R o]Fo
A B Bk EAE3te] F A dauEEss Fste] A7 ofyer ek

M A&5ARQ A E 4 delx (milliseond) bl Axbskadth.
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b FE glo] Mo £AA F gk A B B ASoR FESE:
AZrE ARE S e [2], (3], [4]. 7 A9E S ABeol ol AT

Algdoldel ] FEo] AT EA Jhelld dS AW [5], AleF7]RE A
Aol Zhefid X e ol&dn [6], [71, [8] (¥ 1.1(a)).

ol AE2] M 98 (virtual prototype)©] &

=
=
~
)
AC
Iy
o2
o %
flo
o
oo

Qb Qe Ql=A] 1T 4 ok [9]. A" SAHE RRYX2A BA FYY
= F¥e=d FE ojgdd. AMER VI A Egded 34
(configuration) 8] = oFE &lstAY [10], [11], gJEEA (retraction)
7t BA EYdelA F& FEE T fd T e AE5INeE 4
01

7THA ol g A wlskedE AREEY [15].

e

el = ol g%tk [12], [13], [14] (Z¥ 1.1(b). E3 FEANE F44
El

rendering) oAl AFEAFo Al dgdE d-& S50 A AAte] o] &} [16],

[17] ((2" 1.1(c))).
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T EBAE Ade =49 FFH ol wet v SAHel AEdr A
1.D¥ 2 0.2 44 =4 A9 B7F Tedls wWet 244 s W A=
Aot Zolth [1]. 4 (1.1)> #2878 (separation distance) & F =49 #
5 T 7 A e fEEYk A8l (Euclidean distance) & o€t (I7
1.2@). JAAD F &A Aol 7gl 5 7P g AMEH= SN A5zl

(penetration depth)o]th. HFZol= 24 (1.2) ¢ o] F+ EAl& &8st HA
At (29 1.2(0D))
dist(A, B) = Jnin, crlg}ierzgllqﬂ —qzl| (1.1)
pd(A,B) = {minl|q]| | Jnin, ;gier%llqﬂ —qz +q| =0} (1.2)

(b) A%Fol

5 omA] Aelo] AZE ehy
= 0) Atole] Ao},
() AAZ T BA (ANB=0) Aeld) A ARUo|Z AT & 9tk BE
%ol W g A BAT} HiL, A% v BAL A% 45E A



71E ATEd A9 AS5AA FAYl st el glo] 54 ARt
215 Fakglth aeu B =Rexs AR AE AA AR [to,t4]el sk
gste], 7 B4 A9t B AH A T S(A(D),B(D), tE [ty t]E oSt 2

N

g

et

N
I~

dist(A,B) if ANB=0@

—pd(A,B) if ANB+*Q (1.3)

5(AWM,B) = |

29 1.3 §(A@R),B@) S & HoFEth & =wollA= AR el &2 A
QD Zlo] T BHE A, t5 At I Y=, §(A0),B1)7t §(AB)E

pa
A% Az & M AEe A A ¥ 1.3 o] &9 Ak 5,

3
MCD (minimum of continuous distance) & 7% < 311, o|& toshA &8

FTETTTE Hsk=d 23N, MCDE ol &3td & e BEAS AT
T Atk g AAs] A, FEo] odEe B4l MCDE Alitetd 5
= glo] &g =49 AAE & F Avk I v, =A7F MCD ald ARt
UM e HAE A eEE =40 ARE s TE e RS ¥
T AUt [19]. =3, HA 35} 7| B EddolA MCDE ol&ste] BT Aok
%71 (non—penetration depth constraint) & A4t & o] s A3 &W

(optimization solver) o] A&3l= A S v/IESIH T+ v ZAS 95 4+ 9

th [20], [21].
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HEE wEE dFA eEHCRE FHOlA UL, A As A HUH w3t
7 B dE B05)Y Wl A wWEkolth (b) dhek A §(A(), B(t))olar, M
7t H4& MCD min §(A(t), B(t)) ojth, 37|, 7tR2FE AlFtola, AlZFHS ALY

B Atole] A% 7€ g vhehdlc,
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I% 1.4 #dy 9 A5 e AlEdeld Ay vla [24]. Fo] t =045
2 FE ¥ (=075 32 =2 A Yrfof it

HgE] o] A&KA o R Fold u Fet AE Bl vha] v ALA A HGE

_),:

P Wgow WA 4 B 5 9k

B oeFel A= slEe] A AAHES Azt Histe] gstel A% A g4

g Azel s, olF TREFADYCIT B/ ABAIE 5]

B R Fo A wHe ohug ol 2oy & Utk

ol g|= W (hybrid method) — & AQtstth 2 =FoA Agtsts P ES]

o5 vl Aol AA (bound)E WHEIL
HH o2 FottE Zloltt & 59, 3w % gAY A9 Ida vES
goto] HEs 23t AR LE WEA F3 Uik sk W A MCD

2 53 5 gt wdol b A ARs 27 daH, B ArNs

g2 ERS A T ey

R

|



W (bisection method)

=

MCD2] A

R E A

=
=

A5, A AA

3o
=

2Rk

=2
=

FAIRE Al AjzEo] @8 A

S

= oE2A

B4 3}

ol

b

il

Al 7R

s

w=zollA ek

2

ct.
, HRP-2

3

=
=

i

ZE!

B

o

meo

=
WA

ol

pig

o o]

H71 21

S

K

3t

—_
fite)

ol
oH

—

ol

JJJ
s

o

Ho

ERE

a¥el ext

o= A

W=

gt

)1\1_

(millisecond) ¢kel| 7

el

Al 3t

K

= Al

(adaptive subdivision)

Fol A7 MCD7F

3|

o1&

KN
=

HaAe e A %

gl
=
R
Py

& gAY}

st g

2 iprol, Aae ox WAE A

T4

0
olo
"

o
Mo

e}
S WHE Ao

s

o5 WAAA T

ol M7t 1R

el 7l

S

)
=

2dlel MCDE 10~100

ol



A, 718 ofyel WE7kA AEHA] AE AAtele F 712l (Phong
distance) & Alset. FErigler HAFzlel BEF dAS WaeAv] F
(Minkodwki sum) ol f+E2tQt FAFste] A4 = Qv 28yt dido] vz
271 ] FYA (medial axis)= A A5 A7) FAF B3] vty & A
g Y FAF U4l F FAF (Phong projection) & AFE-3F0] FAF ko]
ALA o Woke AAE dev FOFARE TS A8, & =welAe
[26], [23]¢} #o] Wz 2A7] o] Al H%BH (tangent plane) & AHZ L
2 AQost 1 v, 93E A8 gsH e WA W (normal vector) W
of wef Tkttt 2y my nrfe] WHOE o]Folxl 3x thHA =AH(He
N3 27] e Adsks 249 5HEE omind) o2 st vaeAaT] 9

= Ao R sk AS A9 E7bsel 7T [27]. F AEE ARl

AARsEZ] flske] 71 FEE U] FAF ZINEe] A A el AIE o] g8k
T A s A5 F, A5 BES SAHCR 75 sk, 1 <l
X = FE WAaeAT] g5 wEA Ydstel F FARE A8 Al s
dorh 2 =2l A Ay e e Ao R ofFoixl Ant vty Rdzt
o] WA A&AQ AE 7 "z <bel AXsteE AE AFH R YTt

32
oy



B =R 7 Ao A oy F2 UE2 o 2ol FAHIIT e A
o wFE Al Ax wRel diste] [Tl A Eu [Tl =
Aol Atshs AeE B BAETH] MCDE AXbst: Al7FA] B o)
sto] Awsta, VAol = ArbAl th2d ExE1He MCDE Atele 483
AlREs el digk Al gl tiske] Z]ssith Vel A= a3 A3 <
ARl & Aol A9t At HRlE AT VIl = HA 3 7wk =4 &
#del MCDE A&l % Qe A2E A3 439 +3 435 vu ¥
Metar, 7128 A A e F A AL e ARE vaseh v
o7 VIl s & =72 dAgt &5 AFEES A S

10



II. #48 47

ERYA9 HFE TdH s Fofells vhFE 7MY EARte A9 dags
o] dgrsogitt & Fe= AgAAY WEZ-27] 3 (Minkowski sum) 79
A el obr iy thEAR AE SAM AL} FFzo] Aol
sl A7f st

A, AZAAS =27 &

Aol Fo ok daglel 7 thHA (polyhedra) A9 BEl Al §(A B
| 38 o] &3A & F Stk A8 B Atole] WIFSAT] T M of
ADB ={p4 + P3| ps € A psp € B} 2.1

AD — B ={py — Pz |Ps € A ps € B} (2.2)

T EA Atolo] ARl §(A,B)E 4 (1.3 29 2.14H 9 o8 WA~
gt A Atolel 71 Zhke- Awlel 2k [301, [29].

5(A,B) = qemgl_ llqll (2.3)

EA7F dojAglE AS dFL wlmeay] § vl EA8ta, 4 (2.3)2 4
(LD ¥ 2 87

of EAst AR NIeAT) e A (2] (2.3)F BE fFold T EA
= AFAErE 9k (301 oAl FEl, A (2.3)2 A (1.2)9F Ze HFZo|vt
=

11



5(A, B

(a) 8(A,B) (b) W17~ 7] &
a9 2.1 F B4 Atele] A”et s & (a) W s A% B
5(A,B)°ltt. (b) §(A,B)E 97 ool AFE WZLAT| ] AAZA L] FHAAE
ojt},

B. &A= AL

FoAgE 7 E2A7F 9ojAdE W AEHe Ay SHHOE ojv] B
T7F o] FolA QoL AAIZE & ZEIOFe o]&d Qs HLEE w9 wEA
ARRE = Qlvk oAE EA4e] FeAe SAHS A A ESE oA
(convex polytopes) Q! 729} AREAQl t}7d EAQl % (general polygonal

o
=)

model) ol w2} AL #H ol

1. 25 opdH

12



[32]¢} LCEael= [33], [2]olth. &+ W B v At &7 wet ek

At BREE om+n) 0% WHSAT] A4 glo] W
FEAYE AAET 4 WIS A7] el 23E= WAl (simplex) & YOE
A7 ghth. 1 v support mappings ©]&3dto] @AE A A RS Y
e WrbaA Rz A7] oA AR B 7k A 3ttt Gilbert et all
[34]2 GIK <ag|Fs oA ofye} dnbzel 553 =4: A8 +

LCE EA7F d&54ox 34d o 2gAYE d&5Hox Hethes S
agFolth A4 7} oA A e BE o] %9 (Voronoi region) &
nle] Albel etk 2elal 2 EAlelA A e FH (feature) (R, A, W)
Folel AA FeAe] FE7E AsA Fer o=
gebd, 2t dels Ao FEe] BRmo] Aol glojok
go1gk 4= 9tk o] dugES By FH FEHS A
Al Gt ppA A5Ees £ gtopd & gt} 53] &5 4+
73 (motion coherence)E ©°|&& = U= &AM Z7Ade] dHE 79
0(1) Alzkell & 4 St
Cameron [29]2 LC &ag]F9] 7|Hke] ¥&= 2718 dE9 A94dS GIK
arglgol A&ttt Cameron 7} =A oA A2 FEl7F 2 witness
pointE &ttt AElst th3, WFZ-A7] e 23y = @AE witness pointg ©]

g3ato] YA EFaL hill climbings F38ke] A& witness pointS AAFsc}.

FU

2. utEl gy EA|
AAFe BVH (bounding volume hierarchy)

) 2]
5 olgdA a&&Edoer AT 4 9t BVHE 2 =% (node)7} BV
=

o (29 2.2). & =9 BVHE
E

13



ol

(primitive) & shb¥ EFsh= BVH A4 =52 FE =71 Igehs
VB E5 wdste] EgEh thA] webd, A et IZuEEE §A
HFE w2 ZuEErt i, g B2 AR UE Zu|gEE 7t
BV Eeke] whe} thFst BVHZE itk BVZF @<=g BVHeOl=  (sphere) E
2] [35], [36], EFdAl (ellipsoie) E= [37], AABB (axis aligned boundary
box) Ee| [38], [39], [40]7}F Qhvh. H4kek ReFe] BVE 7F+i= BVHel:= OBB
(oriented bounding box tree) E2| [41], [42], [43], spherical shell E&] [44],

[l
R

T

[45], k—DOP (discrete oriented polytopes) E&] [46], SSV (swept sphere
volumes) E# [47], multiresolution Al57+% [48], convex hull Eg] [49],
SCB (slab cut balls) E#] [50], k—I0OS (intersection of spheres) E#] [51]
o] Stk BVe BoFo] s BVHE wHE7]v HAW B2 ==7F Fed)
& AFEAtel a9

Rl

=

29 2.2 BVHO o [52].57] &4 (A, B, C, D, E)2 BVHo|t}. o], A}&3h
BV AABBO|tH RE »TtE: EXE 2% 2838 AABBo|1, Wl - AABB

AFHE BVHE ol g3l ReALE Aste 33
AT ARE 7 FANA ALzt g e EevEng R A3 gk 2y
T EAY RE SevEn 4 ALE Adsts 2 Be Azke] 27wtk BVH

ol-gstd ZEjuElH g AP ANdE adHor 29 F v A A9

=
ol
2
1e
S
f
2
_{
)

fn

il
4

1
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d dE FEY S22 4 SACA AR AEd ZevEE g Age 24

Sty 1 v ZF EA419] BVHO FE =& BV AYE Axtdt. BVe wedt

Boks M QoerE vwA w2 A Ags AXre 5 Stk ofgl 20& ol &
ato] mEE AAA R WEdtt
o nioF wT o] BF wi o]y 7 xE gl Qe EHHEE
o] A7t drtt Aohd, d2 =5 ko] ITulgBE s Az 7§
gt
e 7} BVHY =t 9 Ayt drt} 2Agd, 7 w52 FeAst
d ZEu|ERE st Stk gulo]EE A = (s

to
et
w
<
)
1o
Y
Ach
X,
24
o
Flo
[kl
ich
=y
o
(T
L
1o
Y
Ak
2,
~
2

O
&
o

T=NbUXCbV+NpXCp (24)

Ny = FEAYE Aels 59 WES BV &9 AFoli ¢, = 3 BV %49

A Axetsd QFEE vlgolth N MRS ZaluEn 4o el

Cy= ZYMEEILE] AYE AAtsk=d 875 Hlgolth. OBB#o] A7} 2

S BVE AME® A9, Bk wEot ZenE B A5l NS NyE 2

thAl BVZES]l A AlAbe] == vl 89 ¢, AUd e s Ak wbd, 'y AABB
} =

s} o] BVl mopo] st A9 ¢,o7t B NSt Ny

Ik
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Cameron and Culley [30] 2= opd A UFeA7] S A oS,
dHoA NFLA7] T3 7 7k JS Fa, o] 23] ARE HFZolR
HEekstty, my nd] WO =R o]Fojz BE=gt tpAgte] WFe-A7] & Ao A

o
O
=
o
<
o
2
ol
ol
rlr
n
=
FI—

AF EREE o(mn)©l 22, Cameron an
L% 0(mn)o] F Tk

Dobkin et al. [31]% ¥3-+27] 35 A sH7|R b= Dobkin/Kirkpatrick 7
7% (hierarchy) [53], [54], 1= ol&sto] e A5zl
penetration depth) & 0(10gm10gn)°ﬂ AAbehs WHE Altstct, wak HFzlo]
F HAAL F 2AE Fo BFer FAA F
=t 54 po Dobin/Kirkpatrick AST2E =5 thdA P, P, -+, P2 ©|
Folxitt (19 2.3). 7+ E5 thdA At BY uWEelA e HFzlolE AAitst
7] 918+ Dobkin et al.o] #|Qtsh= ¥z T oEAR ok A @Al A8t
K VBl AlRFske] A &F By o2 7HAA Ao R AAHAE A8 B E 3
Aotk 7 WA dANME A

K3
Bi_y o uwddke] FJFZlol & AArsts Floltt. F+ WA dAlE wHESstd A9 B,

Z1o] (directional

to
1o
%
o%
1o
jahil
i
)
o
ol

(0]
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~__

7% 2.3 Dobkin/Kirkpatrick Al&57% [62]. 29 pP= 11709 FA v, vy, -,
V11% 7]'X]J—l 9)\‘4' P=P00]_Tl P1'E P()oﬂ/\1 ;g];(n% V1, V3, V5, V7, V9, V11—§‘ xﬂﬂ
g REo|th Py= PiolA Wy, Ve, Vipe I Edlojt), o] AAY A=

=1
independent set®. 2 A& o]%o] ol d HE FolE Holo|t}

UF¢A7] 3 W2 F EAe Ay A (facet—vertex), A3 A (edge—
edge) o] o7 o]FoZt}t W} H (facet—vertex) S o= A H = A
< 0((m+n)log(m+n)) Azt kel A 4 ok [66]. 2eivt Aot A =3
ow AHE WasA7] e W Hobo Ae amn)/N7E A E. [57]=

3
Mo A 2@ Mg B W AFT B FFUCIF 0(mi it +

Hoh ASHE 2 B2 FRdele SRS AlXtsk=dl o] &3
GIK &ags [32]2 dFo] a7 o el A4 e AFS

7} itk Cameron [29]& GIK €id]+& ggste] HAFzolo st shshs
Axbettt, EPA [58]+% ©f yolrp WlE¢-
5 FAstuA JAFZolE AN ® it

DEEP [59]> ellA 7} 7h7ke Wm927] & 919 A& oA5sta o] A
o] =]

=
9/] ExOS u
| T

[oZ
[
2
o
[
N
d
fjo
N
X
X
o
i
o
oX,
ol
ol
X
52
=
—n
G
2
1o
N
N
O
S
S~
>
o

(Gauss map) = ©o|&3sto] Fo4H H F99 WFZLA7] o] AvkS AAbstth=

Zlojtt, 11 Ay AARtew FFZlolE ekt
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2. A 949 E4

e
r—i‘:—‘
k)
(o]
ui
N
N
ok
ol

Azke} FeAE AL BVHE ol &

ARk FF2lo] Al o] WS o8 4 vk dyetd ¥R = e 3
Frloleh A ek o HEzlol7E dde] fl& 4 3] wiEol
FE wE7E HAA olw A mEe AR oA s 5 3 4
AEZ0] Axtells Wm$-~7] & FRE o] gdof et ey dnbHel vy
F27] A om3n®) e Aol Ael= B Aot [311.

=
b e FEZe] dueEe wE A A7) 9ste] FFdole FA}

AREARI T4y =A7e] HFZlo]
=2 A1 o] A & (distance filed) & ©] &3}
= WHelth A A2 1HlF RokellA VARl AR FxE 19 2.49F 2o
TRkl = A=A Atele] AdE vEkd & (field) oItk [60]+= w2 A4k
& Ay A= ol gallA, & =4 Aol thE EAlol dAviy zlso] HAFI=A
AAbetth, B3k marching level—set W& o] &3to] EA|7}F o] F 3ol wet Ag
e wEA 73sk7] wEel 7hWE 2d (deformable model) o= 483 &
o} Hoff et al. [61]9} Sud et al. [62]+= GPU (graphic processing unit) & ©]
sto Al FS o wEA A 18y, A FS ol g WS AR
o] &tghe Alwet AR JAFZowE EAE S2Q Fk 7 EAVE

s FHAHY 5 Atk

L2 Y oo 30
9

2
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a9 2.4 A
el
- 7%2/]7}01 [63]. 2t AellA E77HAS AwZ AAtstol
SLeres = Alge] Pl <7 =
a5 Ao Ao] Thghdofa] w7k o 7 ]'_'gi e
=L = H JﬂIjl_

e, 7 A%

omuz HAD el Ao JFzlolE Artdtt

Jelnte Relshs Ao] gho do)& Attt of W, Az
/,\ ’ 1__1_1 —

AHE $18ke] CPU (cent #o2 AFdeld st@e] A0 o] FaH=L e
en : SaLEls S W

ral processing unit) ¢} GPU &}o] BH.g] & o W= A

B = (hybrid) B2

o H=

A elsto] o thztE
et g 529 (polygon—soup model) ol %
ger (6517} ZA2 22e Az = 7Fssit A
M= HHHE o] &
N Aors ko] ek
geol Aol ALs7o= tha - otk 2AE 2Ae YHeS AR
2oL T, EAl7b S AshEA 5o AAIZE Al
gl NS 5-57 ?j]—o] H]—lﬂ

| e A BAsok st A v

rEI
K
o
[>
N
e
fllo
)
2
_0|L
rlr
o%
ﬂllo

it}
i
kU
—o
[>
Y
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PolyDepth [66]= LRbAQl B-24) EA47ke] Ao HAste JFzols AA
o w AxkshE G Fa ARSI o] M oA AfSE WH I tgEA A
g &5 BAsAY =AE vE 2AFEs dAE o] e glth PolyDepth
© 1% 2549 FAF (out—projection) & WFA} (in—projection) S WHE38}
of FAFzlolE AXtstty, 9 FALeL U FARE Zb2 vlse A7) o] 9 F-g RR
HFH O FAFE gugtth. 4 FE0] gl Aol d47kA CCD (continuous
collision detection) & FT3slo] AFo 2 FTEsh= HXE 2 (9]FAD,

= AT O v dAeA v A
U327 &o "og FEYuet FAFE ko JAFZolE AAret (WFAD.
of duY|FZ TN AAFOoR o]Foxl EAREY HFzZlolE ArFtowm

g 5 9leh,

X,

q’ od o
Out-Projection S J
I,I I”

q, q q, q,

: & s

’ ’ In-Projection ’
% LCS / LCS g / LCS
o N\ i N 2 N

1% 2.5 PolyDepth [66]. LCSE W3EZ-+27] §& Xstrh

[67]2 SVM (support vector machine) & ©]£3F AA|7F HAE
dolE At dugFE Atsitt o] duglES SVME o] g-sto] 1727
= e 29y NaeAY] 3 AAE fdo=

o
Ao BAY A BGE ¢ ol AEe 1] ok
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D. o] d&Zo] A AAt

A F7kA] HAEZlo] HFeke] L&A S v A= T Jf®oltl.  Zhang et al

[22]= ASoz WI7HA neE AgAr Wils Alskskdlty o] daelas

o,

W7~ 7] 39 spherical parameterization® ©]&3to] AgE F2Jstal Pan
et al. 16718} ol MET 71" 71AI8tE (machine learning) & 7IWFO. 2 &}o
W= JFZols: AT ey, RIeAv] #el mHE AAska
spherical parameterizatione 4 -&3%t= & 5339 AdA g Aol & Qs 53,
=47 A& st o] AAE S vhA| HEEE ok dtth. A7, spherical

parameterization< W FZ-¢-A~7] o] G2 A8 (homeomorphic)§l 7d-$-ol 7k

p

AL 7}53teh Lee and Kim [23]2 W3$27] 8 3%WHo| 3% FA}F (Phong
projection) & ©]&3sfo] wWako] A&KA o] HEZolE Aosqlrt, kAR, o] &
vElE sk BA7F AT wuicy (3947 S AlRo] AAEoF SiA AA

b AlEEel el Hgshrlolis ofywol wET

o

21



1. A& 2 EA47+ MCD AAF ¥4

53 g (golden section search), Al A (conservative

advancement), 3to]B. 8= WY (hybrid method) — ©l tjslo] 7)< 3k},

LEFT KNEE

RIGHT HIP
RIGHT KNEE

(a) HRP—-2 F W0t =3 (b) PAEE ZAY HRP-2 FHiols 23

% 3.1 fEIAre

22



A. A<€7re] MCD A 24 Ao

rir

2 Y Hus d540=7 ol F HE 49 €58 MCD (minimum of
continuous distance) =, 2 (1.4)F Z& Aot o] o, A& Ao A3ols
T(t), 4ol 3]dols R@), FH AFHE v@), ZH 455 o) A7t Azt
t € [to, t1]° thste] 5xF oA os HEY [69], [25].

WE Cao T 1,8 BHAE g2 o] Fo-Y. F fAE o o F35 A
2= otd] A o] F FA Ao A v F] Fe W A Ao (a9
3.2).

6(CA,CB) = 6([(/1,13)—(7:/1,7"3) (31)

]

o,

o) A3 o] F Awe] ¥ A FHeNo Anglel s How g

AREY = A (3

Aol Rel® AHeAE ARt Hvh EeE T oAed ¥ Ad:
=1

— (1, rp) T Y

—

o
e
e
o,
M
AU
)
39,
flo
=)
rr
o
fult
A
O
0
Y
Au)
L
i
K
i

(a) #¢
9 3.2 A&7 Al (a) €N Cp =02 FEHRE §(Cy Cp)= FEEIHE A7}
ok (b) CanCg# 0% FEIE 8(Cy, Cp)= w7k AL, 1 A7 JAF4el9 &
=

23



+~

B. 3& £& ¢

12

H

$4 gAolt A4t MCDE ANee 744 s e 332 3
Wol thate] WA obmat 4 (31)e) AE kel wolAu Fojh Az T
T reftoty] A B vl Sbssivin @

5 f09 EFE FIAA QAL Fol BE AR AR Qo] gt A

Ak 4 glE etk [70], [71]. ¥ HeAMe 35 28 A4S o] g5t
1

m&"
-
%)
v
olgt
all
M
et
it
1=
i)
flo

3
Fu g S S AAs] Aty el 23 [a,b,c]E WA HoeAt #2E

b e A7l =M= a<b<cold, o5 T &5 &2 b7 M A (f(b) <

fl@), f(b) < f(c). F= & FAHS HEh=s 2dshdA 230 Hert Fot

1. |b—al=|c—b|Q BF, dE ast b AQIFLOE Attt =, d=b—
R(b —a)7} HT}.
® f(d)=f()etd, M= &3
A ().
® f(d)<f(h)ed, Mz
AR fx).

rr

[d,b,c]7} At (29 3.39]

i
fol
rlr

[a,d,b]7} ¥ (2¥ 3.39

2. Ib—al<l|c—b|Q B, d5 bS} ¢ AAHCE Aot =
R(c—b)7} At
® f(d)=f)Etd, M2 23+ [a,b,d]7} DUt
o f(d)<fHHA, MES Z3E [bdc]7t BTt

24



st B GAHE c—qg|<t(b| = |dDE W7HA 9 LS WHEEch o 7] A
T AFEAZE Aok gt ® Ao S vErdth v f(h)E HSE#S

2 ogshes 37 2E gAae $aed

= ©H

f(x)

a d b c X

I% 3.3 e 2% 9. A2 A f@7t f)EY 2 A (JAD), A 2S
= [d,b,c)7t Bk 28d f(@)7 A& BF (A4, A B35+ [a,d,b]7F Eh

AL A oAM= a, ¢, bE A7ty 6y, SAE ﬂgi A gk, ey
8(Ca Cp)olA bd We] Al g fhol a, cd W I gy Avu Bg

T 2 ERE, §(Ca(a), Ca(@), 8(Cab),Cp(b)), 8(Calc),Cp(c)) T 7HE A2 A=
MCDZ REgHstry,

8(CarCp) 7t [to,t1] 1AM 7 71 olde =%#t= 7He F= B gAY

bollA 7V 7Whe S57S

rr

o)
G AEPS # TR FE Yok A4 FF BT AP AR R7nr
S 3 £ 19 34014 2%

5= [f,hb]7F H3L, 8(Ca(h), Cp(W)©] MCDZ Whgsith —1efuh Al 254k

= TIfelA o] R Holrh, whEbA Foj 3t Qtell M AR FE gt @A
g e S&ate 7HE o, S5 28 3R] d¥9E Agd S vk

25



O% 3.4 S B8 g4 A ol 7] #3537} [a,b,c]et st S BE §AY

S Ag3td, a7k Al Ao® AEET £(b) > f(d)OIEE Al 3 [d,b,

o 1 ¥, &% [dbel [f,bel [f,bg] [f,hb]7} 2AehE ALH L, HFH o=

8(C4(h), Cg(h))7F MCDE REgte T} shARE Fojxl A% Al < F &35 MCD
= 8(Ca(h), Cx(W)7F okl 3T ol

26



il

—

0

W
)

0

¢+
ol

i

ﬂmo

-
=
of

o
=r
!

o
i

!

‘0

o]
Ul

o

(3.2)

olt}. ol 2 4]

q

A

°l&

=

=

6(Cx Cp)

(conservative advancement)
At <

Al (motion bound) Z, X

7

[e)
=

T
s

.

(3.2) A pu

of| A
8(Ca(troc) Ca(troc)) = 0°] H= 7HE 24ty € [to, t1]E T-3F

|
=
Al
al

1
s

]

[e)

weh 2A7b 49 5

N
=

@-04 Ho]'z_gz n)

o =
T

F by Ak

=0

A A

719

I

2ot W7k wk

o]
=

HAE §(Cy Cp)7t TH

‘ot [68].

(2], [3]¢} o] BT A §(Cyh, Cp)

R

o]

0

o A=
@ 5

?_

=
=

=Y At

A, toc

o]

-

13
=)

ol

)

T

]

A
&

L=Se)
T o

]_

S

(6]

Ar e W

T

k)
pal

[68] 1M A&
27
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u = max fttol(p]-(t) -n)dt

= max (v(t) - n + (w(t) x REOP; () - n) (t — to)

it

max||¢; X w(t)||
£ ) (3.3)

13
= max|v(t) - n| + max|[w(t) X n Ty +———
ax|v(e) | + maxlj(0) ||<ﬂ D]

8(Calto) Ca(te)) & W= b= WMEl (vector)olth. 2 (3.3)el4 A &
v(t) -m| & olz] 7§ Z#H7F (control point)E %t= B-splineC® X3t}
B-spline?] 9z [25]¢F o] =43 Fo| HHAGow A7t 7Hesith. 1
9l Nlw(®) xnll, llc;x w®Il, lo@®l 5 2FF7F 1091 tha2lojth, 2 &=l A
© oAbt & 52 wea, g2 54 BEAE Bosplineo® WEsto] Ul
S HAEge Arksit

2. B39 RS o] &3 MCD Axt ¥+

TOEAY FE MRS e AL 8(Calteod) Ca(teoe) = 074 HE 7HE 22
toeS TBHE AT Prh B EReAE 7)E 25l AAWe ¥ Aate
A7t d7b He B AL ¢, 8(Ca0), Cp() = d T FEF WA o8 4
a, 2 (3.2) %= ofe} o] WEH
S(S(CA'C‘B)_d

u

>
~

9 HelM wEEE 0E® F2 £47t A & vk Acg ANE wekg F
£ Ca% Cp Aol9) A dBrk A7) W §(Ca,Cp) —d 2 00] B TR
d

o

e, d < 8(Cq(0),C5(0)) 010k 4 (3.4 d<0d wf, 5 FFzold W= 4
atal, B 194 ol& T8 7 =4 EF w4d W, ue 4 =AY &+

T AAE gl AxtEn [3]

28



A7y, FoAR d<8(Cl(0),C5(0) ol whEked, Az WS g
8(Calty), Ca(ty)) =d 5 WHdE .9 EAFTE & F Aok Wk ¢, 7F EA
A ek, Folx Az W Yo RE tollM §(Cu(0), Cx(t) >d7F 2 Elar,
ol mind(Ca(t), Cp() >d & X 2 HelXe olefd AMS ol gste]
MCD & min8(Cy,Cp) S FETh 24 (3.3)2 d< 09 A% =, FFdoldd sl

]_

__C[)_
ME AES 3 olF BxA4y 314 Tl F =47

e

o O
T =

b

WEAE 3.1 7Y F HE Ca 9 Czol W], a7 & (34E HEHT,
d < 8(Cq(AL), Cp(AL)) o) T3 & H ot

s B RzAdE 2459 (proof by contradiction) 02 FHE T $-4,
5(C4(AD), Ca(AD) < d 27 7F8almat, 18 n WO R §(C4(0), Cp(0)) — d 1.
oo 549 A pi7h Cuoll SAEH

At At
J P4 (t) -ndt = J (v(t) 'n+ (w(t) XRpy) "n)dt
0 0

> 8(C4(0),C5(0)) —d
> uAt (2] (3.4))
A= AE )

max||c;xw (8l
L,

Ut > mtax{lv(t) ‘n| + ||w(t) X n|| (rcﬂ +—=

mgnllw(t)ll

)}At (- 4 (3.3))

> r{laxlv(t) ‘n+ (w(t) X Rpy) -n|At (- [68])

At
> f (v(t) 'n+ (w(t) X Rpy) -n)dt
0

o7 E 7] 7 Redth =

29



T

2
1o
529

>‘
o~
r o
9
~
)
o
o
ofo
o
=

CD AAHHS o]#& &4 (bisection
search) ¥ wj-% FAFst}, o] ©ARo]l AHoje] (domain)& WO UrwA
dsk= &l (solution) & Zre=thd HEAX AL A% A &4 AY
(range) & WHEH O Wto g Uwrh (29 3.5¢ AZF). ¢4 AZFe] MCD
o] %7] &Fst (lower bound) ¥ A8t (upper bound)?l T3t Iy = [dy, d;]= &3
ool ®, do=—(+7p) 013, dy = min(8(Calto), Calte)), 6(Ca(ts), Cx(t1))) ©]
Ak 9 &FERl dp= 7 s Atell Hdl JFZelE g R WEd glold

(/l] (31)) 1 q’%, do 9’]’ d1 ‘04 %ﬂ-ﬁcﬂ dz = 2 % }\\__E—lué_]_-]—j—y d2 >

mind(Cy,Cz) 1A FAgtt. I s HFAd  AXHE o] &5t
8(Ca(ty), Cp(ty)) = dp s W3h= 1y € [t,14]8] SAFTE Felstd €k 11§,

ofe WS AL

o ok ¢, 7} EAFTE, ol MCD7F do &b d, Akolell itk 2ju]o]
g A2 AY TS [dydy]7t WA, BE t = [ty ty) ol thatke]
85(ChCp)>d, 9e & F St 11 U3, dys do 9 d,0 T3Hte=

Aestn oA AT S thA] e g

9 BHHe BER Ar Fho] vy A e wry T wiA wET wEy

o olalE 7] As) A (2F 3.5) 9 AEE (RuF 3)E AL

30



a9 3.5 BEA AAYE o] &3 MCD 27]. 7] A TE [dy, d]olth 53
#dy B AEeta, BEAQ ARE o] &3te] d, = §(Ch(ty), Ca(t))E WH5ahe
t,7F &&= T, AR A PR [do, do]7F A 2 e vs
Rl dsoll A&3HH, [do, ds]7F MEL Agl7-7te] drh v SRl d, ol B3
?l XM S Agstd B toll tste], dy <8(C1), Cz)7F FHETE & 5 3l
b ek A E2E 7S [dy, ds]7F BTk o] RS WHESte] MCDE 78
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< 317% 3.1 FindMinDistCA
PH: AKAZ A5 6(Ca Cp). AT [to,1h], 2ARS €
Z9: MCD ([to, ;1914 2] min8(Cy, Cp))

1t dg = —(1q +18)

2. dy = min (5(@4(%)' C‘B(to))v6(Cﬂ(t1)’CB(t1)))

3: repeat

5. if B4 AR AdEE] §(C4(ty), Ca(ty)) = dpQ) t, = [ty ;] =A< then
6: dy=d,

7: to =t

8: else

9: d, =d,
101 end if

11 until dl_do <€

12: return d,

85(Cq,Cp)7F Aol mpe} A&EHolm=r Wyl AXHS F3e wujr) A=
WA= A L <belli= MCD7F 34F ok mEsk o whHEwitk Ao e i)

(absolute error) 7} HECS

U
ol N
2
!
v}
S
E
iz
J
o
o
ot
2
N
FF
3
Ay}
)
-

B 2 FARG e ot £% AA Wt A4 Aol $AYun =27
ol nyAr AW WS wekd] fad g Weldt 22 B
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D. 3to|BHPE Y

S Sfol B = W (hybrid method) & RAAA AAM G B A

FARES Feto] W= JgetA MCDE +3d. 4 Baad Axys ol&
&to] MCDE Edsta Sle WAE S0, 1 Us e 28 34 oR A

ArtE B9 qbelld HSghs WA et
A AdeA] a7iE Bl AXIN e A [7F FAetdas 4 (3.4)9 At
S

% Aol At &&o] WolAr) dolualE WHE $4 wiEAd AANE @

Zol| A AlE3sle] W= A MCDE zt=th =, Tang et al [72]18) #o] A4 x
(forward advancement) ¥7F ofuz} 1A% (backward advancement) & A&

shoh AW d oA At W oE ol ARE XS AlFetth i
of THANE Adxe] vyt 5 tﬂW%ﬁ—H 8(C4(0), Ca(D)) = dy & ®HE3}
o), t& AAresd AR v ®2 A (3.4)

to + X At7F oFH e}, t; — N At7F EHh
a9 3.6 =71 W9l [dodi]°] FolFls W, ARAXNH AT S AL
E xde Zlojth. AYHL F ®o o]t WS o] g3t 1,8 t;E A

=
2 ekt HlS2ek A AL 6 9 55 ARSI iAo R AR
B

ofo
o

o
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e AR 6, t,7F W oo

3|

e AE

P 6,9 ts7)

S

2

Fd o2 At MCD7} 59} t5 Abo] ol

O~ 5
T A

=

)
]

Ho}h ), o] o, n By

v di—do
Zn

o] eak=

o 2 AkEl MCD

felB e =

S

%

£ ¥ E2d95A4=
91 A

9

i E e @ 2b

Sk
=

th el A

=
fL

&

ool 40 EARE

Rk A

Hok 34

9

o] k3

=
=

(3.4)
A9 AL At AR HOR 4] EAIR-E WA

gtk et

PN
T

g

|

sto] B.g]

o

E]_}__

)t

o

R

i

=
==

AR R W2 Avs

WS BAQ

HE

=

A
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IV. 953l t4d EA)7-2] MCD AAr ¥4

3}
5)

1A AN A

2

& A

Aol ]

Fol AA =

I~
= 5B

o]
Je 45 A

7}

z=2

ol
Mo

il

%

1
(-

0

BK

K
M

ﬁo

oH

—

o

o/

—
fite)

NI
by

]

=%

[S]

Akl Tzt

.
R

el A

A. rE gy EAZFY MCD AL &4 B9

F =4 A%k B Aol

T
R

]

Pz A SH e

;_<]o
Zk

Rl
=

F= Zlolvh. 117t Wt

3|

)1\1_

Al

o 3]zl

27F 52k o

MCD miné(A, B)

1 T R() 183 o] 59

o
il

)

w(t) 2]

e etk

=4 7}

G obd A3t gol

Sk
=

=4 A9 B

=9,

AARE o Arge] A= o

(4.1)

—qz tq|l = 0}

min min|lq, — qsz||

44 €A qp€EB

—{min min min
(minfqll | min minllq.;

|

§(A,B)
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B. 453 &3 U

Al

A

B

tel MCD&

3|

g

Ko
=

¥} HHH  (adaptive subdivision method)

o)

0
o
i

Hlo

[to,t1] S ©]

1A

o] MCD7} &4

2

del

=
[}

T3F Qbell MCD7} &A1& 7}¢

oy
w0

,ﬂl

o

o

H=
T=

o]

=
-

AR AJZETREel MCDE

MCD<} #&€l 3709 AAR - A4
(local upper bound, UBY), A

1
s

el & =welA

)
—
o

=

gt

obefsl 2ol )

3

(global upper bound, UB), #

)

,AO

).

Eiasg

KN
=

(local lower bound, LBY)

(4.2)

(A1), B(1))

t€[to,t]

UB > min 6

(4.3)

8(A(1), B(1))

_min
telto ti]<[tots]

UB! >

(4.4)

8(A(), B(1))

.min
te[to trlc(to t1]

LB <

t € [td, ti] € [to, t1]2FelA 2] HAAE] min8(Cy, Cz) 2

tojct. whelA, UB < UB!

AT [t ] qtellA el HAAR Y

3|
Rl

/g-

t

st
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gker [BY > UBEHE, 2 F7te]l MCD7F EA418H4] gohs A& Ssin=z
Qtell Q= AgEE MCD FrReA ALsh G5 AAls] Awshd,
[th,t]] oF MCD®] EAjoJ 5= olefj g} o] yBs) LB'S nlwéto] wdd 4= g}

® UB-LB'<0: 273 ¢kl MCD7} EAlekA] ¢korm=z A543 &as
HEt (29 4.1@).

® UB-—LB'>e: 23 ¢to] MCD7} (34 4= lorn= A47e 52
2 5 rolxl Zb Aizte] disto] @S Al AT e AR
A7F st eapifloltt (19 4.1(0).

® 0<UB-LB'<e: 273 <tel] Q& A UBRT AAY UBS}E
A7t edrel & HER, A3 f HAaA2= UBE 78l ol

Y= 3 ook wEA, Atel gid g4 s HEY (2 4.100).

Sl BAE ol g3kl AR AFA R st MCDE AAFEH. o] W
o] oA t ent) Y daglE
& 318]%F 4.1 FindMinDistAS
AY: A%AY ¢ §(A,B), AT [to, ty], LAEY €, s UB (-3
= %73}
Z9: MCD ([to, t;]°141 2] min&(A,B))
1: UB = 2] (4.6)
2: LBU = 2] (4.8) &2 2 (4.9
3: UB := min(UB, UBY)
4

:if UB — LB' > ¢ then

5. UB :=FindMinDistAS(6(cA, B), [to, ti“] €, UB)

tot+ty

6 UB =FindMinDistAS(8(A, B), [*22

,tl],e, UB)
7. end if
8: return UB
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5(A, B)

o

LBi}i..

to i \ / ty

—> ¢

UB

(a) UB—LB'<0
5(A, B)

UB

LB

(b) UB—LB' >¢
5(A, B)

(c) 0SUB-LBi<e
O

2 (s ) o] Ayt shehs vebdlnh w3 AR A AR [t 8]
oA MCD (3t €)°] ek shgtoltt,
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C. ZAR AL

2 Ao Xz AFFF 9 MCDO EAF-5 #dski= 44 3t UB, UB', LB'E
AAbeks W ol diste] A8 A&staral st
[to,t1]2] MCDi= &3¢ [thti] oF2 H4 Agry ZAY 422, UBE o}

213} o] UBY F HZpho®E HAYT 4 gt
UB = min UB! (4.5)
L

olw], UB:= A3t [t ti]ol e A o Agtolt),

2T [eh ] HaAYE 3] F 2R A §(A), B(t)) o
S(AEH,B(H) Rt &AY Atk wekx] A Adst Ul 7t oF B3 A
g T HEHpoE Fostt (2(4.6)).

UB' = min{6(A(t)), B(t})), §(A(t), B(th))} (4.6)

-

AA8tet LBi= Fod ATRr [thti]el Sl oWt A grroh FAY o

of 3t} HxAzge| By} 7l LBIE 7] Yl 54 u 5, AR

W9l (displacement) & A4S 1 & uE o] &3

AlZE gl B} 7HE A A4S Za, T W AYgke LBIE WS A9

] S A7t uH F F orz, A9 B Alol9 A= AXtE LBIETE
1

1
o

A
Y

$ERA p TA A FoIR A FF 24 & Y A AYE
1

# = max ftzl p;(t)dt
= max (v() + () X ROP;)) (12 — to)
< max|lv(0)ll + maxll ()| max][p, | (¢, ~ to) (4.7)
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A DA piz A Sl ool Ag AT maxpll= A4 nfe) ghe
2 2Ae) $Huh TRt e g AR Aol e,
2R A A” §(A(L),B(tY)) da 2 (4.7)E olgste] g AL 5
BR LBIE §(A(th),B(th)) —p= A & olvk 1y, 6(A(E),B(t)) =
NoBE uS Just LB Aite] hssith 13 4.2¢] BAR A3 ol

39
o

2
]

&

B A0RE [5(AW).BED)) — 6(AEDBED)|  WEE wHol,
min{6(A(td), B(t))), 6(A(t1), B(t))}oll sdst= A= thA] Fokgtof girt. 19
B2, LB'E 2 (4.8) 3% o] 78 F Slth

LB! = min{8(A(t}), B(t})), 8 (A, B(t)))

1= |8(A), B(t)) — 8(At), B(D)| (4.8)
2
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(@) &273F [t tl] B3t A9 olF A=

5(A,B)
N

LB

(b) A2 o] WE A% AL T
@ A4 (@) A A3 Sk WS A7 [thel] B A% AA o
28 tehla, wek A LB Agee 9AE nelEdh o) 4
Az Az AP A F5E B

29 tgarh %4 P45

19 4.2 A A33
s d5e A

& AL A% BY A" FFE, A

#doteh 7 e (@A 22 A4S A= A4
min{§(A(td), B(t))), §(A(t), B(th))} = 5(dq(t;),73(t;))—a— UERATE AE

|8(AtE), BEE)) — §(AD), BD))| (=4 sam)vkEd 4o

min{8(A(t5), B(t))), 5(A(t), B(t)) N FE LB (Rt s2kk) & Ay thA

min{8(A(th), B(t))), 6(A(th), B(th)}ell st A oZ Folofof s}, mhahA,

LB':= 2 (4.8) A w7t Aol sjdsts AHdoz At
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D. 3t AAY

oA 27 shte] ke 7Hd Flolgh: WA stell LBIE Tatqich 1y, 4
AEE 2T3E <ol B Fgte] AT F vk RS oA e AelA, A
gl &7 7o SR G S5 stk P EiRAk AT A5 F
o% FAOER, A% WEA FH{elA SHI (52 2 Wl R)el s =
ARAZ olFallof st o] Ag, F FFk Atole] AolE pelA wlm .

SAAE BAY Ho WE Rl T oA Atele] Al WeE A
F Q7] wiolth, 1 o2, I8 4.3°04 2F A st RES

3 MCDE AXFIE obfdl EAI7F §le 2e & & k.

oA AolE AXEEH] flEiAdE AT tell SR e 9k UG vkE 2

L

o] Gl FEGk ¢, WhE SEXo| b FEGh e, S Fobof A wlof 7
W 437 2o] gy > e A, A= g0l AT ANIA g9 AAZ o]
F 7, T ol dlEehe SR Aob B Tl welAE, Ak E = 2(¢ -

g_)WF FHofok Ak wolA B Fogkat wlo] 9 B, Hgghuhs oy
QAgto] gltk. whebd, LB'E AAE) A% A9 £EAA uF p-EE OAT 5
ek AHoz, 4 (18) B EE o148 4 (LOE A& U% Jud

LBIE 9% &

LB!
= min{8(A(td), B(t))), 5(A(th), B(t))}
— |6 (A(ed) B(:4)) - 6 (A(e)), B()] -

2

(4.9)
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I% 43 FEE ol &F Ao Ak 2% ane I Lo 79 3 % 2
e dEhE, Fe A A (48)elA AxkE LBtk &% A Aol MCD
£ Atk o FFE pAA gormz, A (4.9)9 ol 4 (48)elA EF

W= gk 2 A3, wgk A5 MCDOl oS £33 LBYE AAtE = St

8(A,B)?°] = ofef e} o] AAtET

(6(A B = ((pa — Ps)* (Ps — P3)) (4.10)
= 2(psx — P3) - (P — P3)

ol ®, 18(A®), B =llpa—Ppsll. pa€ A, pg€B °lth §()= 4 (4.10)¢] O
d o, S-S gt 28y AKAA ARl ()= Ats] f1El pg 2t
pzE A& FAsE A wlg oy Alte] e Hdrh B =RelAe 4
(4.10) tial A (4113 2ol A&y 5.5 AT F, olF o]&3to] SH=

Axkgket,
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sret(t) = (Pl — P3) - (B (V) — P5(1) (4.11D)

A7), plysh phiz th Wl Aelel A= Holth =, 8(A(t), B()) = |pk
pallolth () 7F sy =0 W, TS JHAA & Fx Qvh Ty 4 (411D
= ol&sto] ANE E = AAl dAEsks 7 oS8 AfolEu #Y] el A
(4.1D)+= frastd

21 (4118 A WA 3 (pfﬂ—pg)o 44 (constant)o]1, F HA I 53
gaaloltk A (4.11)9 &S F37] 98 FH S o] 5. g
A8 A ekAtd, # =EeldeE EEH (Muller’s method) [73]1-8 ©] &-3fo

chpdel 2% s 23, BgAe A5E sht Eof 4440 wEL 1 o
13 gAY 2 AN QuHel W [741S o §3te] A ZE AL
skl o,
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T 24 AFolo Agles dAHKAAAZE A
o 2 Zox= F FAF (Phong projection)

| A%A9 A SYMA E ALE AR Fsan Al

1o
il
z
o

o

(
o
>
2
(o]

>4
X,
(o]

S

flo
(o3

)

o
o
ofo
ol
ol
&
of
o2t
N
N

rlr
ol
o
ftlo
2
r—?f
2
kY

T EBAL A §(A,B)7F A7IERE ok e} WA 7FA = WE (vector) 2F
stk ol A (5.1) % #Zol 9 og WIS F AA amell FEET
QF AHd (Euclidean proejction)& 334 52 & Ath. oAl 3l §(A,B) 2
W A7 B4 SRS Aagle] €4 oolA amel M Tk A7t
Aol WE el Ao A (5.1 AVE EAVE 9ojANE A BT Al A
(LD 2, A A5 FFzol A (1.2)9F 2

8(A(t),B(t)) = argmin |[|q]| (5.1)
qeI(A D —B)

et 4 (.03} ol AYE AT A5, o7t el FUA (medial axis)
g Ad o, gl gAY WakE AL olv] & FeiA Ak [75]. 1¥ 5.1G)
Tz 4 o] ame] FRAOIT 0,7t FAAL AHEA 9% BT

=
§(A,B) o] AV dFs Fokes A = 5 Utk

rlo
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hud

g 72 A .

A2 ol g

Ake] .

g A A

E APEE o8

(b)

AA 0,07 o]%F
o A

A o7t 0,914 0,2

o

FUAUE bk et gL

X L.
.

gkl

Pl
\

3
er

t Aol a1,

|

A

el

PN
= 7 9l

Fol g4 q/ 0% A7) Waks Ae

o= ey

A=
SEE

)=

A

d

shet

(

.]

s

oj

fite)

7!

"
A4

oy
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g FAFRAl 2% FAF (Phong projection) [76]& o] &
%29 Agel F Al (Phong distance, PhongDist) & #|<Fst
th oE oMol F FAFSE A3 q q-l %W U (surface normal) ng$t q—o
7F AR 5L A (collinearity) ol = Holtt (2] (5.2)).

1

(@—0)xng =0 (5.2)

om 1ol A (5.2)& sk Aol o7 A e g lerE, F Ade 4

(5.3) 8} #o] F FAY] A3 F Ayt 7P @2 Ao®E A osith
PhongDist(A,B) = argmin [|q|l, (q—0)xXng =0 (5.3)
qEI(A ® —B)

o
el @7 el 3 WA WERES FoJske mbuel & AMYe Be 2 3
Holgt: F HIM (Phong interpolation) [76]& &3l thekst mw Wdo] <
H£x07 Aoy (2% 5.1Mb)9 s sx). F FAY Ae 54 20s
ek T Ayt dS Aot [26].
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B. & A =3

oMol AzZtgow FAE glormE B =FoM= Panozzo et al. [26]9) Lee
and Kim [23]°]A] AlQtsel= WHlS o] &3t am el A2 3 FAE 3yt
o F AYE AAbstoh & HoA = o] Wl tlste] A3 thFaiA} S

1. FAPE

e F FAF 771 A (6.3)9] 31 A ng= HW %9 (planar surface)
HA WEE B7F (interpolation)3te] sttt 18y, HA #HEHE B
A (@A ¥ 5old (singularity) o] WA 4 Qrf & =X

=2
=
oA uE o g Hdsts waie Agate] Sl gl Ww A

> Ol
Do

]
oX,
(o]
ot
i)
[J
ot
1
\]
S

HE (basis vector) T; € R¥3Z A4 (span) ¥+ FAHWS 7FA a1 Qlthar skAk
o] wj, 7} HAH (vertex)? ZWH WS e A= WA WY HA
o% Ao, xW WA FAst HHS HEWOoR AAsth FAFHIR
(barycentric coordinate) (43,1,,43)E ©l&3tH, At ?F2] 3t H qv q=X4q, +
AQz + 2393, A4, =0, ¥, =12 ZHAHE P() e RPSE 714 9H

ARRE At o] A5 A dolgt dkxb. 18, oE Atel F FAFSHE WRE

Aol 5,18 o] g3t Fa+ & 9u}.
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N

(@) WA B

ﬁo

—_—

o)
"
A4

B

ie]

TR

o|J
i

~

(edge) o] 1L
o} (a) A9

25

o] el #

E
=

oA AL W )
fol AAER Astolth, BRE Ao

S

WY R
)% o8

’

s

=

1

=) ©
7"1]'0*24

A

o3
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89 5.1 #4F M(qQ1q203) Y T F q= A, 42,43) 9 o =L W, o
= Ato] F FAEE dipold.

WAy, 42, 42) (4191 + 2,92 + 4,93 —0) =0 (5.4)
;=0 (5.6)

e F FARE sk e QY] 18 wSetE 45 g A9 2k 2 =E
N wHel WY (Newton's method) & o] &3to] 2 (5.4)F

gk o) W, 49 2R (5,9 oItk Wk A (5.6)& WEHSH= ;0] it
|, el ¥ FAb Aot gloka shddth dnbd o g Fab E EA o] Az
Faol s & vhrelA 9lan, FAbskE = Aol wmAlel TSl HATE ¥

FALS Ao EAET |

TI¥ 5.3 W MY Foel wEt F FAR] A ofwAl A=A Ko

9 My e 4PRs gelsks Aol v

_1
)
k)
kD
>
o
1
>
K3
>
-
=

L Z 93}
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/l\

a9 5.3 £9 W8 A9 FoA.
@ wejolth, Mo] WalA FefolA] F FAES 3
34 ool F EA FoHA ek

A8 wOE 4] A, A F A9 1o ke ADE obdg 2o e
A},

d(T,K) = Arergg)now(T) — Aort(K)|| (5.7)

Ort(-) © Frobenius norm (2 (5.8))& o &% 7V 7W7k At+2 714
(orthonormal basis) Z, =3 (polar decomposition) & ©]-&3}o] At}

Ort(T) = argmin ||T — B||g (5.8)

BER2*3:BBRT =]

o

2

| X1= Panozzo et al. [26] ¢} Lee and Kim [23] 8} Zo] A& 5.2 o]
g5t HHHS Ao}
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X&]-O’] 52 /1_5/'27]'%—] At(ql,qZ,(h)-Q/ ij‘ /Ei (11;12;3-3)—%] zo_:/—/ —Ir 1_’1:?‘ O}’ZI%QIZ 71—0/
A e o

MAads

Wy, A, A
(1,22, 45) = My + A5 + A3),

1

(/1 lplZ (AllA‘ZJ 13)
3

(5.9)

1 1
+ —Wy3(A4,15,43) + —W3,(44,15,13)
A4 Az

1
Wi5(A1, 42, A3) = ME1R 15Ty + A2E1T, + 23 > (E23 + E31R31)T5 (5.10)

lPl,t e qlq,ﬂ AEWE HIEE daolth w9 W, & A4 (ndex) S
/\

Atk R =ort(T, T )= 714 Ty 9

T; 9] 71elE # 438kt A w3 d (orthogonal matrix) ot E;; € R¥2= 2] (5.11)
v} o] Ak
By =argmin > 14, — Al (51D
Eij€0@2) | 4Zi<e

047] /\ll Al = E12R12T1, A2 = E12T2, A3 = E23R23T2, A4 = E23T3, A5 = E31R31T3, A4_ =
E; Ty °olY. Ej; = Ej 5 7 #& 1Adea a14o]l <F # F Procrustes
problem= ©]g3&to] Alketth 9] BS whEetw H A3t e 9= F Utk
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 AolMe dA5A0 A Adtsty] ffske] 4 oF oMol F A
Hup WseA7] kol dA U2 0(AS-B)E sk AL HFet oW
Alzrol Al Aotk webA, & =ieAe F ATt e FEel T
SE A4t 1§, Kobbelt et al [78]°4] A|etst= WS o] g3to] o 59t

o
o
¥

of E3H= B UIZSAT] O AAE wEA A S BT F AL
ARt B e] e ofelel ar, 7 @Al 1§ 540 BAEQIG
1. %713k % Agl FH q,= PolyDepth [6618 2 71£9 Ag (4

(5.1)) A WHE ol g3t %713 oy FAlE EA4 o] AHE Eo)
7 L5HA & Yol A S A, §5(A B E AR Mg wiol
t} [26]. "HFek % A (motion coherence)E ©]€d & A=

1 28 (frame) 8 A5 AAFE3FA

o
Y,
S
A
g
>
e
vy
o
o) e
2

b

2. ¥ A AH: q,F THOE = T §E AT o] W, WA
eN

X Agrt 289 AT 2 Aok stk (V.D 2).
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4.

FAR oM (sl HEW w()= 4 (5.3) & olgste] dAFHoR

F
92 gogch 1 ¥
=
-

o

P olgdte] o= am(S)ol ZF FAsH

A (5.3)E WEIE g2 R (VEF D),

(a) q;

(b) q;
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q
@0

.IIIIIIIIIIIIIIII.

(a) %7]3}

IIIIIII'IIIIII EEEEN

q

.llllllllllllllll.

(AP = B)

(b) #4 A

\ 1]

aE EEmEEE 'y .q EEmEEE
n - [ ] . -
- = " \Rhonngst .
] : - :
: - o :
. - .
: - -
. = " .
n : n :
[ ] . [ ] -
:.............(........2f :IIIIIIIIIIIIIQIIIIIIII)..
() H& Wz~ 7] & (d & FAF
% 5.4 WEFo] &2l Ay AL WHdoR mdE A S AA WFS2T)
Fol AAol s A 94 oolth () E AT Fu q (A DB S
ot (b) @& THOE = 7 5 (58 DE FYsitt (o) S ¢tell F&F WIS A
71 3 (=& )& s (D) F FAFE 8 WaZeA7] T s3] F 7
g (w1 s deh
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PN
.
& 2713k el AFekel E AL Fuq& WEHO

2
Ab Aol A 9 kA gk g e &

)
2
rot
v}
e
rr
Mo
=2
>,
rlr
=
N
N
off
n

olAl SO RHAE r& AAsk= Wl tiete] Lopral =gl ofd 4
o 2ol r& q8 A719F BleEaA A g

r=al|q| (5.12)
o714 a € R*E= AFEA7} A A= Aol 28 558 B T EA Apolz}

s omel ¥\ Wl gHel daege o g vk 5, qf 2717 AA

-
S5 A E Sl @tk A (512l ol A7t A=l

AN @/

01
03
AP —B
0% 5.5 B4 A9 A4, webdn F34 AL 474 T g0t A7 0,3 0,2

= -
3k 0,71 0, 1T Al FAASANE VHSAT) Fofl F FAE 99 (54

)2 vk wEbA, EAIREE] ArE Hold s B A oS HEof gt

ke
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2 =l e i UEsA7] 32 st 7441k Lee et al [78] 94

ARERE e AREskelth " ASHE aM(S)E Altehs Rl sk b

OMS)=3(AD—B)NST A%Y B T+ ET (sphere tree)E o]&3sto] 44
A 4= 9tk ++ Egli= BV (bounding volume) & 7% &= BVH (bounding
volume hierarchey) 1 A5 FZ2 %2 FEHAE ALAAS std o] &8t} [35]
[36], [79]1, [80]. Z+ &AI] + AlT7=x kel A= T S8 S8l WAF-A7]
T} S7F FESkA S8 S A 7Y WEZSA7] §F 5o FEHAANE AS 2
ETh whok 5,9 §p9 WIAT] T s7F FEEA] Evhd 24 P57
N~ 7] g w3 §s9} FEEA gor g A o ik dAls FAH k] E

Q

& ASTE GAS 9T 5 ok B e Matay] § Ed Foln

2 E5F AP (convex map) & o] &M 3 § WlmgAT] o] WItd ivks

GAetal 7BAlekE el diste] AdstAlth 3xkd =A7Ee] WEeAT]

T ordo w3y H (facet—vertex), A¥ A (edge—edge)d FFT

(combination) &% o] Fo| ity E53F EAIFS] WFZSA7] 2 THeA AV

(Gauss map) & ©]&3to] &HdA & F Utk F =A4 9] 7HA APl HA =
A

Bl vw WReAT] Fo A3 W, A3 A 2] 97 WEol. wey =

A9 84 F b Abgel WstE neaks A ol Wmar] Fatel Aol
e 47 doblel Wmay] g s AN 5 ek et oud B
o A9 b S AR ol gdtel MEmSaY B TF S gk B R

AE s ol 2 B3 WF$AT] S wE A galsie)
A4 A9 7F9A AP GA)E I8 5.6(0) 9 Zol AS 9] ol AMtSHS
24 JAA A fedal] 7 AR g(HE £ HAWE ne W] o] H
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s

e F W A7 9 Abea A T SleA Qd

esl o]

=24 (geodesic) &2 3

A eedA

:]:,‘)

= vk i3 9 7ol

Ko

2Rt & A3 R 22

b 7R Al A

S

I8 56NN £ f7h 0%

¢+
T

o
™

m.

171 %

AlS

7] & wEA 7Y

[e)
-2

I

|

o

=
=

Fshw, 2% 5.6(d) 9k 2ol

olgstd BHH =

o
=

A Al EF AP C(A)

o Ao|7t nrrh AoALF F5

e€C(A)S Zo7} putt 2 A% &

1.

o
=
N
it

Lee et al. [78]°lA

[e)
e

3
fus

g

b 2pA

S
er

gell

.

m
=~

0

¢+

Toll

0
o
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(b) G(A)

>

() () (@) C(A)e) B5He mel
I 5.6 A%t A2 EF AP C(A). (0) GAYE "IF Hol FI7HEHWEA ¢(A)2
BE 39 Hol7h nirt Fopxltt,
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F. & A= AH

A AL T ose] ERHE PR 0ReAs] T AA aM()E WEA A
49 s el diske] Sobmgith I thg slok & U 4 (5.3)E
Z5hs 42HE ate amM(s)0] Sl FAlsh: Aol wet 4 (5.3)F wEsHe

:‘_T
2 guid qF F Ay w@st @k 24 2AgE, V.C Aol
5

(=

=

E;

= WIS~y TS Fu

1

E

[e) =
A= TA

OFFK _1_4
>,
i

oM (s) ol E FAF AW Qvhd, 5,2 A4 WA o §AG 947 e
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& 318Z 5.1 ComputePhongDist
qY: F 24 A, B
=9 WA A4520 A PhongDist
Lif &5 d¥do] 7Fs3dt $74 then
2t qo=Alt AlEHClA 2SS PhongDist
3: else
4:  qg =PolyDepth(~A, B)
5t end if
6: 1= allqoll
7: for i=00] ) MRG0 £2er] A7 do
8: 9dM(S) :=DynamicMinkowskiSum(S(q;, 7))
9:  am(S)e v At
100 At = q 2 7H8 77k om(Sy) “Fe A
11: if q; € At; then
12: q :=PhongPrjUsingBFS(o, At;)
13:  else
14: q :=PhongPrj (0,0 M (S))
15:  endif
16: if q7F 2 (5.3)& W% then
17: return q
18: else
19: Conin = argznin(‘l’ ), ¢:=VAte oM (S)S FAZFA
20: if q; = ¢, then
21: ri=fBr
22: else
23: 4i = Cmin
24: = allqll
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end if
end if

27 end for

25:
26:

28 return q;

A Al
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G. & Azl A5A

WA e Ede] AR Fega wHe] Aol wAs

o
A& reld Qlokd, obdl Beleh ol E A A= A% olu

B8 5.1 59 {HFE] AL oz AFH xEH SO fjefo], SO HiE
FFE 2} gI FFAT, T, T & ow, wekd(T) < 2 WdO) =

Frobenius norm), S$EF 25 8F FoJi] So & FAME =) 7 = =%

EAE0] A v WEeA7] Fo] WekA] etk webA uEe-A

3] %
7] & ¥ flol M MEE dFHoR Bk, 2 =RolA Aljbske F

+
©
ih)
_\i_L
5
2

7] & ME& & Zoltk (Z¥ 5.7). ARAoRE HYstd, & FA
7

£20]7] S ME M7t A% Holof k. dof EW WEE A%How P9

a9 5.7 A WA Eshehs 347 & [81].
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B2 5.2 A, B} AFHoE JHGE, AFs oM o] F FAE s A
& o] .

5 A% BY A WL (9,60,9) €S03)E & W, A, B WI$AT] T
S M(p,6,9)Et 32k 9 0L M(p,0,9) ol FAE AIE q=(r,y,2) € R3H
staz, o] wl £ WS n=(ng,n,n;) € R3]} st off 2o] A7y,

(@-0)xn=0 (5.13)

0= M(p,0,¥)°] E FAE A3l g7} R Aol g Aoty 714814}

oM oA A qp=(%,y,2¢,0,9) € R xS0(3)& AEstAf o] uf, 9 #E
£ ny = (ny,np,n3,000)°12F etk A5 o, =(0,0,0,¢,0,) 7t AHHOE &
A wl, 0,5 aM,el F FAFS Avki= A (5.14) ] 9§ q,7F Hrh

Y

(qg—og)xng=(q—0)><n=0 (514)

@7 A%Ho|mR g, A%H oz W
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VI 43 3 23 &4

B oot ® geld Akl MCD AR W wgel A58 A
A P FEYS A AFAI] Astel 4T UY e 2AFL 1

A. MCDE o| &3t HA3} 7|6t 24 94

o TEe WS sk vAF Ak (non—penetration constraint) & 57}
ARt S ol gttt & HolAs F =wolA ARES F
Ash 7ivk A el diete] Vst 1 te A Aol diske] AbAlE)

2ZA Z99d (motion planning)& ZXEF-8rolu} AFE 2 A HololA =
st Aol th st 25 A AEolY SA o= EA40 F4UE AAtsteEd A
critical) 7|®F ¥, AEE 7]HF 9, He@ld A (potential field) W,

=ol EAge [82]. H & R
w7

QE gE), B3 (torque) AW, BP 5 Feiwols reld w4
i @ Aok 24 AvHow AL F Uk
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ALH QL AR | 52 23 g3 A=
7Vssta, o] Wi HA 3t Wadn webs HA o AxE sk SIP
(semi—infinite programming)”} €t} Atk A=
wEafof skal vlE E FoIxl AE 3 FF FUbslof st

252 2 F9499 SIP ¥4 (formulation) oA, &S WAt BT Al

kxS ol Al Zo] MCD Aoz wWadth [69], [25].

ot
r—g
rlr
=
o,
(it
=2
=
rE
Wy
il
=4
r—‘%
o

2

=i
=

6(A(),B(t)) —e=0 Vt € [ty t1]
. (6.1)
= min §(AM®),BM)—€=0
714 ez 0= AHEAZE Foke oAk MR, & =wolAMes 107302 A4S

W EiellAE B Zdd BAlE [25]9lA Aljteke SIPE WHEghh A 5ol

HA3 £ 52 Y4elR g1 22X FQE (joint) o AIEE Ackdth 1
=, B =ToA Ajbets WS o] &ste], A Zd Al B 2R H
= (link) 7Fe] =2 =53 59 374 20 MCDE AArstth, W& MCDell al%
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P_[ma a4 Moy
(motion (polynomial
parametrization approximation)
HA3 &
(optimization T(2), R(1), v(t), w(t)
solver)

min 6 (A(t), B(t))

MCD A%t

19 6.1 MCDE o] g3 s 7vt A Zdd. HHg £Wrt & pE AAS
ot ool= 72 28 2JAES] AX q@)°l sldstE B—spline curve? w5 (knot)
o|t}. Taylor B9l [83]& ol&3te], 7} 25°] JA9 waU(HFols T(t), 3
Hols R, AFHE v(t), 455E o)) = AT Fox tof tisto] 74 F=
o) iy A E A, 2R 7 Jazt 2 P9 FeiEe MCDE AArE
UTE AS5E Ao Wik MCDE AlAtekarl, 1 @2 #HA 3 EWel v 1
g EWe AMES S PE

2. 74 &

ol

B =foja = Intel Core i7 2.67GHz CPU$ 3GB WlRg7} 4&¥ PCE A}
£-3F9], Kubuntu 10.04 LTS 64 bit =G AAllA MCD A4t dag]5S C++
dol=  FHaIT dubHe tztd  mezte] ARE Aaer] d&A
PolyDepth #telE. 28] (library) [66]& AFESFS T HRP-2 FHwo]=% 9]
3k thekst B Feid WA mkaelA BT Alkx (2 (6.1)5 Alteke

g 2 =% MCD AAE dagss 48330
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# 6.1 MCD Alxt 2.

S =g
1 | RIGHT HAND / LEFT HAND
2 RIGHT HAND / WAIST
3 RIGHT HAND / CHEST
4 RIGHT HAND / HEAD
5 LEFT HAND / WAIST
6 LEFT HAND / CHEST
7 LEFT HAND / HEAD
8 RIGHT ELBOW / WAIST
9 RIGHT ELBOW / CHEST
10 RIGHT ELBOW / HEAD
11 LEFT ELBOW / WAIST
12 LEFT ELBOW / CHEST
13 LEFT ELBOW / HEAD
14 RIGHT HIP / LEFT HIP
15 | RIGHT HIP / RIGHT HAND
16 RIGHT HIP / LEFT HAND
17 LEFT HIP / RIGHT HAND
18 LEFT HIP / LEFT HAND
19 | RIGHT KNEE / LEFT KNEE
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——exact ——exact
0.5 3

—— min

|/

0.4f
03"
02}
0.17
0 —/ 7
010705 1 15 2 25 3 35 4 45 5

(a) BT Alkxd w3

0.67 ——
——exact

0.5T — min [ 0.5}

04t | | 1 04f

03} 1 0.3

0.2+ 1 021

0.1t 1 0.1
0 0

g
005115 2253 35445 5 005115 225 3 35 445 5

(¢) BFZd AXH (d) sfolrE|= Wy
% 6.5 & wak

A
WA vk Aafo A & Aol o] A, T e] M3t AL A
AE 7 B FAS e Agloln 2FA M A3kl MCDE 7 S
It (@) #Ha A (54 A)E A T4 F484 1
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& Held= b vAd =AY AY At s des Al 7HA
HAwEAE o] gstof HFstleh 3 WA WAvia (I¥ 6.7)2 A EelAd At

S8 HE7]9 2AR B el 2RO tuA REe AREFvhe Zlo] o

AA|E = (self—collision) ¥ Zoll=3e] F=o] S viA F7] HiAvi=
(2% 6.9 4 252 g2k 9ol 7IthHA ol FA7FE w53 5=
AA 25 2EEI 3] Alole] FEo] AR la Bk wiAwia g thEA,
Z} wixjut=el] wel MCDE Axted = vz A4 vE7] fixvt=a9] 7

X 6.19F o] 19701e] MCP A4t &S 7Hth. &3 wixvta+= 670 =47}
%= (self—collision) & oAWsl7] 98k 4 2o 28 FAaet B4 Aol FE5&
A7) 91s 16%= FAA, & 2271 el distel MCDE AAEH. 7] #
AutgE 259 @EZ A (gripper) 9 3 A9 MCDE ARt 6.2+
WA upg oA AbEE mdlo] EXTE WojF

o

off

* 6.2 0y Ry SR
el SR
HEAD 893
CHEST 332
WAIST 1849
RIGHT / LEFT FOREARM | 783
RIGHT / ELBOW 294
RIGHT / LEFT HAND 3482
RIGHT / LEFT HIP 894
RIGHT / LEFT KNEE 448
BUDDHA 100000
CuP 1000
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B oA WaH A% Az AL wwe] Ade] tste] tolum 7]
w9 A AR Gl Adsh vlw BAs A s,

1. 74 &4

2 =wolAl= Intel i7 3.60GHz CPUSF 16GB =R 7F ©AlE FH5FE el
AT AL o] %A A FuEL TANAL AR LA

A= Y% 8 64bito]al doj= C++olth & APl e Vg r AgHE #F
Yk FARE o] &3t 719 7g] Ak PolyDepth 2ho]Bele] [66]1E o83t
STk I F e LaeFe Aee #Qlshy] f18ke] PolyDepth®] Ao} H]
wetlt F FARE sk [26]9 dF =T o] @Fla dargE 519 «a
o} p= 27 0.37 2= A
2. A" AldEe B ds

= mrelMe F AP QaElss MR uE Rde 7 A e dAva
£ o]&sto] Frietelh. wiAviaE 29 6.12-2% 6.15°014 Kol 36-2K
o] HREE e vdd =AEE AT WA a s R w3 =
A Bz 7iwts] QA WA B A A7) ol E St B7E sbeE RS webrt
© ek A% B & AE At F AYY A7k BEF vy, s FAE
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ABSTRACT

Efficient Algorithms of Continuous Distance Computation for

Robot Motion Planning

Youngeun Lee
Computer Science and Engineering

The Graduate School of Ewha Womans University

Measuring the distance between geometric models is a central problem in robotics, computer
animation, and computational geometry. Such a distance function can be used to identify
collision-free configuration in sample-based motion planning, to locate the point of application
for impulses in physically-based motion planning, and to determine the appropriate force
feedback in haptics.

Most distance measures between geometric models compute the distance at a particular time
instance and such distances can yield a discontinuity in the direction, in other words, its gradient.
This research is motivated by generalizing the distance computation problem over a continuous
time domain and computing a gradient-continuous distance between two complicated
polygonal models. As possible applications of the former, we can perform not only collision
checking, but also avoid a possible collision by pushing the trajectory toward the opposite
direction of the distance vector in sampling-based motion planning. Moreover, we can enforce
the non-penetration constraint to be fed into an optimization solver in optimization-based
motion planning. Moreover, the gradient-continuous distance can lead to stable force response

in penalty-based dynamics.
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However, tracking the distance for moving objects is a very difficult problem because it is
necessary to track the whole time interval, not just some time instances, and to consider both
the positive (i.e. Euclidean) and negative (i.e. penetration depth, PD) distance. Finding a
gradient-continuous distance is also a difficult problem to solve since the conventional distance
definition relies on Euclidean projection and it naturally incurs a discontinuity.

This dissertation makes three contributions to address these challenges.

First of all, we propose three methods to evaluate the distance function for moving capsule
shapes; these methods include golden section search (GSS), conservative advancement (CA)
and a hybrid of GSS and CA. In our approach, each object is approximated and bounded by a
capsule shape, and the distance between object pairs is continuously evaluated along its
trajectory and the minimum of the continuous distance (MCD) is found.

Secondly, we propose a novel algorithm to find the MCD between general polygonal models
using adaptive subdivision (AS). The AS method computes the upper and lower bounds of the
distance based on the amount of motion that an object can make during the time interval, then
abandons the time interval that cannot realize the MCD. This method provides error-bounded
results in terms of the distance calculation.

Finally, we present an algorithm, called PhongDist, to compute a gradient-continuous distance
two interpenetrated polygonal models. In order to achieve the gradient-continuity in our
algorithm, Phong projection is adopted instead of Euclidean projection. We interpolated tangent
planes continuously over the contact space and then perform a projection along a normal
direction defined by the interpolated tangent planes.

We have implemented our distance computation methods, and have experimentally validated
the proposed methods by effectively and accurately finding the MCDs to generate a collision-
free motion for the HRP-2 humanoid robot. We also have implemented our PhongDist
algorithm and certified its continuity using three benchmarks of diverse combinatorial
complexities, and show that our algorithm yields smoother distance results than a conventional

Euclidean-projection-based distance method.
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